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For valuesof ® greater than ®cr , the two roots of Eq. (25) are com-
plex, indicating escape (no potential well), as shown in the lowest
curve in Fig. 2.

Shifted Circular Orbits
The local minimum points of the upper two potential energy

curves in Fig. 2 represent the locations of stable circular orbits at
radii larger than r0 . This is because an outward radial thrust acceler-
ation has the effect of decreasingthe value of the local gravitational
acceleration.An inward radial thrust .® < 0/ increases the effective
value of the gravitational acceleration, resulting in a stable circular
orbit at a radius less than r0 . The upper two curves in Fig. 2 both
exhibit a single local minimum at a value of r > r0 . The lowest
curve is the limiting case, where the local minimum ceases to exist.

For a circular orbit of radius rc, the orbital speed is vc D rc
Pµc and

Prc D Rrc D 0. Equation (3) then yields

v2
c D .¹=rc/ ¡ ar rc (26)

The shifted circular orbit period in the presence of the radial thrust
can then be determined simply as
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where Pc is the no-thrust circular orbit period at radius rc.
From Eq. (27) it is evident that P > Pc if ® > 0 and P < Pc

if ® < 0. This means that for ® > 0 a shifted circular orbit of
period P will have a radius smaller than the no-thrust circular
orbit with the same period. As a speci� c example of a shifted
orbit, consider a geosynchronous orbit. Take the maximum-shift
value of ® D 4

27
D 0:148148 corresponding to a shifted circular or-

bit at rc D 1:5r0. (This orbit is actually unstable, and so a slightly
smaller value of ® would need to be used in practice.) For
P D 23:934 h, Eq. (25) yields a value of Pc D 19:542 h, corre-
sponding to a shifted circular orbit of radius of 36,834 km. This
is 5330 km lower than the conventional(no-thrust) geosynchronous
radius of 42,164 km, but the period is the same. In terms of or-
bital altitude, this represents a 15% decrease. The level of con-
stant radial thrust acceleration necessary to maintain this orbit
is about 0.1 m/s2 or approximately 10¡2 g. This lower altitude
geosynchronous orbit may provide some advantages. A shifted
1-year heliocentric orbit requires a much lower thrust acceleration
of 0.0026 m/s2.

Conclusions
The use of constantradial thrust accelerationon a circular orbit in

the two-bodyproblemis revisited.The conceptof a potential energy
well provides an explanation of why a radial oscillation occurs for
valuesof thrust accelerationbelow a criticalvalueand escapeoccurs
for higher thrust levels. This critical value of thrust acceleration is
determined,alongwith a formula for the valueof the radius at which
escape energy is achieved and a formula for the amplitude of the
radial oscillation if escape does not occur. The concept of using a
constant radial thrust acceleration to shift the radius of a circular
orbit of speci� ed period (or shift the period for a speci� ed radius)
is shown to be feasible and potentially useful for Earth-orbit and
heliocentric applications.
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Introduction

T HE introduction of long, slender missiles, such as the Van-
guard, the Redstone,etc., has resulted in a rather acuteproblem

of structural � exibility. These missiles are made as light as possi-
ble due to the limited thrust available, and hence structural rigidity
is sacri� ced. The satisfactory performance of control systems is
crucially dependent on an accurate representation of the vehicle’s
elastic deformation under prescribed forces. This is because under
adverse conditions, the control system can reinforce the amplitudes
of the local elastic distortions,possibly leading to the structural fail-
ure of the vehicle. The Lark missile, built in the United States, and
the ASLV-D2 launch vehicle, built by the Indian Space Research
Organization,are examples of vehicles that exhibited such a control
and structure interaction.Therefore, it is important that the effect of
structural � exibility be directly controlled. However, because there
is uncertainty in the representationof the elastic modes, robust con-
trollers are to be designed.

We design an 1 robust two-degree-of-freedom(DOF) robust
pitch plane � ight control system for a � exible missile. The cas-
cade compensator F.s/ is designed using a multicriteria vector op-
timizationtechniquebasedon the minimizationof the Kreisselmeier
function,1 and the feedbackcompensatorK .s/ is designedusing the

1 designalgorithmgivenby GloverandDoyle.2 The compensator
K .s/ is placed in the feedback path to simplify the computation
of the controller.3 A two-DOF structure is chosen to improve the
time-domain performance of the closed-loop system. The design is
presented in the next section.

Controlling the Pitch Plane Dynamics
The � exiblemissileconsideredis a long,slender,ballisticmissile.

The missile is roll stabilized a priori, and hence only the pitch plane
dynamics is considered. The linearized equations of the dynamics
is described in terms of the pitch angle µ , the pitch angle rate q,
and the angle of attack ®. The effect of � exibility is described in
termsof the generalizedcoordinatesq j . For theexampleconsidered,
data for the � rst three bending modes are available, and satisfy
Rq j C 2³ j Pq j ! j C !2

j q j D Q j=M j , 1 · j · 3, where ³ j , ! j , Q j ,
and M j are, respectively, the damping ratio, the natural frequency,
the generalized force, and the generalizedmass associated with the
j th bending mode. The natural frequencies are 33.94, 90.73, and
163.44 rad/s with respective damping ratios 0.00646, 0.00426, and
0.00404. We assume a second-order actuator model.

We de� ne the plant state vector as

xp D .µ q ® ± P± q1 Pq1 q2 Pq2 q3 Pq3/T

where ± and P± are the states associated with the actuator. Thus, the
plant model can be represented by yp.s/ D P.s/u p.s/, where u p

is the control input, and yp D .µm qm /T , the measured pitch angle
and pitch rate, are given by

µm D µ C
3

j D 1

Á0
pg j

q j ; qm D q C
3

j D 1

Á 0
rg j

Pq j
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where Á 0
pg j

and Á0
rg j

are the local slopes of the mode shape functions
of the j th bending mode at the sensor locations. It is apparent that
the order of the state-spacemodel is 11, and the measurements yp is
composedof signals representingboth rigid-bodymotionsand local
elastic distortions. Therefore, under certain adverse conditions, the
controllercan reinforcetheamplitudesof theseelasticdeformations,
possibly leading to the structural failure of the vehicle. The poles of
the plant are ¡0:6596 § i163:44, ¡0:3864 § i90:733, ¡0:2195 §
i33:939, ¡32:4 § i0:2, ¡2:8662, 2:5267, and 0:009425. The plant
clearly is aerodynamicallyunstable.

The objectives of this design study are twofold: 1) to stabilize
the aerodynamically unstable missile and 2) to provide robustness
against unmodeled dynamics in general, and, in particular, to that
due to the � exibility of the missile. The primary requirement of
the controller is to restrict the values of the angle of attack to low
values. Moreover, the peak overshoot of the response to a 1-deg
step µm input is to be at most 10%. Further, the rise time is to be
minimized, and the phasemargin at the � rst crossoverfrequencyand
the gain margins at the three bending modes are to be maximized.

To achieve these objectives, a controller is chosen such that
the 1 norm of a mixed sensitivity and complementary sensitiv-
ity performance criterion is minimized. This controller is placed
in the feedback path to simplify its numerical computation.3 Al-
beit a one DOF is able to achieve the robustness properties, it is
observed3 that the time-domain performance is rather unsatisfac-
tory for this example. To overcome this problem, we insert a cas-
cade compensator F.s/, and choose its parameters appropriately.
A feedback compensator K .s/ is then synthesized via the 1

Fig. 1 Two-DOF con� guration.

Fig. 2a Kreisselmeier function.

Fig. 2b Plant dynamics: – – –, unshaped, and ——, shaped.

Fig. 2c Bode plot of the open-loop transfer function.

Fig. 2d Bode plot of the controller transfer function.

algorithm. The structureof the generalizedplant is shown in Fig. 1.
Clearly, this is an example of a two-DOF controller.4 Moreover,
the addition of F .s/ shapes the singular values of the plant model
P.s/.

We choose the following structure for F.s/: F.s/ D p.s C z/=
z.s C p/ D Q¿1s C 1= Q¿2s C 1. A multicriteria vector optimization
technique based on the minimization of the Kreisselmeier function
is applied to obtain the time constantsof F.s/. We minimize the rise
time and the peak overshoot and maximize the bandwidth, the gain
and phasemargins at the low crossover frequency,and the gain mar-
gins at the three modes. The technique developed by Kreisselmeier
and Steinhauser1 permits the designer to introduce these perfor-
mance objectivesexplicitly.We apply this method to systematically
choose Q¿1 and Q¿2, the parameters of F .s/, and, hence, achieve these
design requirements. Moreover, the singular values of the plant is
shaped with the addition of F .s/; we observe that the magnitude
of the transfer function at the bending modes of the shaped plant
P.s/F.s/ is considerablyless than that of the given plant P.s/. The
design objectives are � rst formulated as components of a perfor-
mance vector and then converted into an equivalent scalar minimax
problem. However, this function is not continuously differentiable
everywherewith respectto thevectorperformanceindexand,hence,
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may cause numerical problems.1 To overcome this disadvantage, it
is recommended1 that the Kreisselmeier function (KF)

KF D 1

½

k

j D 1

exp ½
J j

c j

(1)

be minimized. In this equation, ½ > 0 is a spread factor, J j is
the j th element of the vector performance index, c j is the corre-
sponding weighting factor, and k is the number of elements of the
vector performance index. (In this example, k D 8.) This function
approaches the original unconstrained minimization problem for
suf� ciently high values of ½ (Ref. 1).

The variation of the KF with respect to the time constants of
F.s/ is shown in Fig. 2a. We note that K .s/ is � rst designed for the
shaped plant for each set of the time constants Q¿1 and Q¿2 of F .s/, and
the KF is subsequently computed. In Fig. 2a, the x , y, and z axes
represent the zero location, the pole location, and KF for ½ D 20,
respectively.Any higher value of ½ does not change the magnitude
of KF.3 We conclude from Fig. 2a that the minimum occurs when
the pole p D 0:05. However, there are many values of the zero
location that satisfy the minimum. A more careful tuning of the per-
formance indices by setting permissible limits (for instance, setting
a maximum permissible value of the peak overshootat 10%) results
in a value of z D 2:0. Consequently, these values are chosen as the
pole and zero locationof F .s/. Because Q¿1 < Q¿2 , the compensator is
obviously a lag network in the frequency range of interest. We note
that unlike classical controller designs, where a lag compensator is
added to improve the steady-state response, the feedback controller
K .s/ in the present case is designed for the shaped plant. Thus, the
effect of the lag � lter in both cases may not be the same.

The Bode plot of the unshaped plant model transfer function
from µ to the actuator input is shown in Fig. 2b. It is observed
that the crossover frequencyof the magnitudeplot is approximately
15 rad/s. Moreover, the magnitude of the transfer function at the
� rst two bendingmodes is rather high.On the contrary, these values
are reduced with the addition of F.s/. Consequently, the interac-
tions of the � exural dynamics with the rigid-body dynamics are
less. The 1 controller is designed for this shaped plant model.
The following weighting transfer matrices are chosen after several
iterations:W1.s/ D w1.s/Ini and W2.s/ D w2.s/Ini where w1.s/ D
10=.10s C 1/.5s C 1/, w2.s/ D 0:01.0:01s C 1/=0:0001s C 1, and
ni is the numberof inputs to the givenplant P.s/. This choice serves
to provide a good rolloff in the high-frequency ranges. The order
of the generalized plant is 15. We note that the designed K .s/ is
a stable function. The Bode plot of the open-loop transfer function
with the loop broken at the plant input is shown in Fig. 2c. The
phase margin computed from this Bode plot is found to be 21.17. It
is noted that Á 0

pg j
D Á0

rg j
if the position and rate gyros are collocated.

Therefore,under this assumption, the rate input to the controllercan
be absorbedinto its transfermatrix resultingin a single-input/single-
output (SISO) system. The Bode plot of this function is shown in
Fig. 2d. We observe two notches at frequencies that correspond to
the natural frequencies of the � exible modes. It is noted that this
phenomenon is observed only after converting the two-input/one-
output controller to an equivalent SISO system.

The time-domain performanceof the closed-loopsystem is eval-
uated by carrying out linear simulation studies. The closed-loop
system is subjected to a step input of 1 deg at the µm channel
of the d input (Fig. 1), and the response shown in Fig. 3. Evi-
dently, the system tracks the step command, although tracking is
not an explicit objective of the design. [We observe that with a
zero r input (Fig. 1), the output yp.s/ of the plant P.s/ is given
by ¡P.s/F.s/K .s/[I C P.s/F .s/K .s/]¡1d.s/; thus, in the steady
state, yp.t/ goes to ¡1 in response to the positive step input at d .]
An overshootof approximately10% is observed.Moreover, the rise
time of this response curve is within acceptable limits, and the set-
tling time is approximately 2 s. Further, the displacement of the
� exible modes q1 and q2 are rather small. The displacement of
the third mode q3 is even smaller and is not shown. We note that
the maximum rates of these modes, respectively,are of the order of
0.01, 0.002, and 0.0001 m/s.

The controllerorderis reducedfrom15 to 7 usingtheHankelnorm
approximation approach.5 We note that only marginal changes in

Fig. 3 Response to a step input of 1 deg at µm channel.

the robustness and the time-domain performance with the reduced-
ordercontrolleris observed.Further, this reduced-ordercontrolleris
observed3 to performsatisfactorilywhen thenaturalfrequenciesand
the local slopes of the mode shape functions at the sensor locations
are perturbed by 20%. These results are not included for brevity.

Conclusions
A novelmethod for the designof a two-DOF 1 robustcontroller

is presented. The forward compensator is chosen to improve the
time-domain performance; its parameters are obtained by a multi-
criteriaoptimizationtechniquebasedon the minimizationof the KF.
An added advantageof the forward compensator is that the singular
values of the plant are shaped a priori. The feedback compensator
is then designed to make the closed-loop system robust. Thus, this
method achieves time-domain performance as well as robustness.
This method is then applied to design a robust controller for a � exi-
ble missile. It is observed that the two-DOF controller is open-loop
stable, and that the closed-loop system has satisfactory robustness
properties,as well as time-domainperformance.Further, a reduced-
order controller also yields the same robustness and time-domain
performance.
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